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A necessary condition for the existence of a Kirkman square KS,(u) is u = 3 (mod 6). It is 
known that for all u sufficiently large and u = 3 (mod 6) that such a’ design exists. In order to 
settle the existence question completely a number of small designs must be constructed directly. 
Of the 14 possible orders less than 100 only 4 are currently known to exist. In this paper we 
establish the existence of one more design with order less than 100; namely, u = 5 1. 
1. Introduction 
A Kirkman square of order u and block size k is an rx r array 
A(r = (u - l)/(k - 1)) defined on a u-set V such that 
(1) each cell of A is either empty or contains a k-subset of V, 
(2) each element of V is contained in precisely one cell of each row and column 
of A, 
(3) the set of all k-subsets in A forms the block set of a (u, k, l)-BIBD. 
We usually denote such a square by KS,(u). It is clear that the rows of A 
induce a resolution of the blocks of the underlying design as do the columns. 
These two resolutions are said to be orthogonal. 
A necessary condition for a KS,(u) to exist is u = k (mod k(k - 1)). In the case 
k = 2 this condition is known [5] to be sufficient except for u = 4 and 6 in which 
cases the arrays do not exist. In the case k = 3 we have the following asymptotic 
result. 
Theorem 1.1 (Rosa and Vanstone [6]). For all u sufficiently large and u = 
3 (mod 6) there exists a KS,(u). 
A KS,(U) is known not to exist for u = 9 and 15 and is conjectured to exist for 
u 3 27 and possibly u 221. In order to ‘establish the truth of the conjecture a 
number of ‘small’ designs must be constructed directly. A number of recursive 
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constructions exist [2, 81, including the powerful PBD-construction, but none of 
these will produce designs with 21< 100. So far the only orders less than 100 for 
which a KS,(u) has been constructed are 27, 39, 63, and 81. These arrays do not 
appear to be easily constructed and to date the only algebraic construction for an 
infinite class requires the use of affine geometries. 
In this paper we apply a method used in [6] and [7] to construct a K&(51). The 
design constructed contains a subsystem of order 25 and has, as a subgroup of the 
full automorphism group, and cyclic group of order 25 acting on the array. 
2. A construction for Kirkman triple systems 
In order to construct a K&(51) we must construct a Kirkman triple system of 
order 51 since a KS,(51) is essentially a pair of Kirkman systems having a 
common underlying design and whose resolutions are orthogonal. To this end we 
make the following definitions. 
Any partitions of the set {1,2, . . . ,3t} into triples such that in each triple the 
sum of two of the numbers is equal to the third or the sum of the three is equal to 
6t + 1 is called a solution to the first Heffter’s difference problem for r. We denote 
this problem by HDP(t). Heffter [3] observed that any solution to HDP(t) can be 
used to construct a cyclic Steiner triple system (STS) of order 6 t + 1. A cyclic STS 
of order ‘u is a (u, 3, l)-BIBD that has an automorphism consisting of a single 
cycle of length V. Without loss of generality one can assume that the points set is 
V = Z, and the cyclic automorphism is i 3 i + 1 (mod 0). If {{a,, bi, ci} : 1 =Z i < t} is 
a solution to HDP(t) then the set of base triples ((0, Ui, Qi -t- bi}: 16 i s t} gener- 
ates an STS(6t + 1) with a cyclic automorphism of order 6 t + 1. We note that if 
{a, b, c}, a < b < c is a triple in a solution to HDP( t) then the corresponding base 
triple in the cyclic STS(6t + 1) can be taken to be either (0, a, a + b} or 
(0, -a, -(a + b)}. If the triples in a solution to HPD(t) are arbitrarily ordered then 
there are 2’ ways to sign the triples and hence construct the base blocks for an 
STS. Conversely, a cyclic STS of order 6t + 1 implies a solution to HDP(t). 
Let G be a finite abelian group of odd order 2n + 1 which is written additively. 
A stronger starter S in G is a partition of the nonzero elements of G into pairs 
h ~~1, -h, ~3, . . . , k, Y,I such that 
‘J{*(Xi-Yi)I=G\{Ol, (1) 
Xf+yi#Oy i=l,2,. . . , n, (2) 
Xi + Yi # Xj + Yjl i, j = 1,2, . . . , n, i # j. (3) 
Let S = {{Xi, yi} 11 s i st(r- 1)) be a strong starter in the cyclic group Z,, 
r=6t+l. Let S=Z,\({(~+yi)/2:1<i<~(r-l)}U{O}). Hence, )sl=3t. S is said 
to be embeddable if the points of 3 can be partitioned into triples P(s) which 
form a set of base blocks for a cyclic STS(6t+ 1). If S is embeddable then a 
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KTS( 12t + 3) can be constructed on Z, x (0, 1) U {m} by generating the base resolu- 
tion 
R = 
i 
{(xi, l), (yi, l), ((xi + Yi)/2,0)}: 1 G i sy} 
{{(x, 01, (Y, O), (z, 0)) : 1% y, z) E mN. 
In order to construct KTS(51) of the above type we need strong starters in ZZ5 
which are embeddable. To check whether a strong starter S is embeddable or not 
we try to fit the elements of s to a solution of HDP(4) with a prescribed signing of 
the triples. We should mention that there are 15 distinct solutions to HDP(4) [l] 
and there are 158 680 distinct strong starters in ZZ5 [4]. 
3. A KS,(51) 
In this section we display a KS,(51). First we briefly describe the search 
technique. 
Let S = {{xi, yi}: 1 s i s 12) be a strong starter that is embeddable and let R(S) 
be a base resolution (as described in the preceding section) for a KTS(51) formed 
from S. Let the set of triples of R(S) which contain S be denoted by T(S). 
Suppose we consider another strong starter S, which is embeddable and such that 
P(S,) gives the same Heffter solution and the same signing to the base triples. If 
this is true then R(S) and R(S,) generate the same STS(51) although they may. 
generate non-isomorphic KTS(5l)s. A necessary and sufficient condition for these 
KTS(5l)s to be orthogonal is that each block of R(S,) be in a distinct resolution 
class of the design generated by R(S). 
In order to limit the size of the search and to exploit a subclass which proved 
successful when Rosa and Vanstone [6] found a KTS(39) of a similar type we 
decided that given S as above we would try -S = {{-xi, -yi} : 1s i s 12) as S1. The 
reason being that the triples T(S,) are automatically in distinct resoltuion classes 
of the design generated by R(S). This follows because S is a strong starter and, 
thus, all sums are distinct. It is, however, not automatic that there is a P(&) which 
gives the same Heffter solution and signing as P(s), nor is it automatic that these 
triples fall into distinct resolution classes. We can describe this search technique 
more succinctly as follows: 
(1) Given an S find all partitions P(s) along with the associated Heffter 
solution and signing for each; 
(2) If a Heffter solution Hi in (1) occurs with two signings which are comple- 
ments of each other then we check that R(S) and R(-S) generate orthogonal 
resolutions where P(s) and P(-3) have H1 and the complementary signings 
respectively. It is only necessary to check whether the triples of T(-3) are in 
distinct classes from each other and from the triplies in T(-S). 
This restricted search was successful in finding a K&(39) [6]. We display an 
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example. The strong starter S is in Zig. 
s: 14 28 312 513 611 79 1017 1418 1516 
P(S); 111415 1310 2713 
I’(-$: 589 16186 12174 
It was surprising to us that an exhaustive check of all strong starters of order 25 
in iZz5 failed to produce a K&(51) of this type. Since this subclass of the designs 
we were looking at failed to produce a result we were forced to look at the entire 
class. It was not feasible to do an exhaustive search of all pairs of strong starters S 
and S1. Instead we selected pairs of strong starters at random and hoped for the 
best. After many trials the following pair of strong starters yielded a solution. 
s: 12 2022 1316 1519 38 511 1017 247 1221 414 239 618 
S 1: 1415 2123 36 812 1318 1622 411 210 171 249 195 207 
We now list the base resolution classes. 
R(S): ~2~14, 20122,210 13i16i2,, 15119117, 
3181180 5111180 1oi17i1c 2417110 
1212114,, 41141% 23,g116c 6r18i12,, 
19,,230240 6,-J3,J5,, 7J0020,, 5011c,220 
RW 14i15,2, 21123i22c 3,6117,, 8i12i100 
13118130 16122,190 4111,200 2,10160 
17111% 241wo 19i5r12, 20,7,1,, 
11,,150160 14,,21023,, 5080180 70130240 
R(S) generates a KTS(5 1) consisting of the classes {R(S) + i : 0 < i < 24). For each 
block B in R(S,) we list the value of i such that B E R(S) + i. 
13 1 15 18 
10 11 19 3 
5 20 21 14 
17 8 23 2 
These two orthogonal resolutions determine a KS,(51). 
4. Conclusion 
The existence question for KS,(v)s can only be settled by constructing a 
number of these designs directly for small values of u. Of the 14 possible orders 
less than 100 only 5 orders are, at present, known to exist including order 51, the 
topic of this paper. 
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